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There is a belief that the Ehrenfest theorem holds true universally. We demonstrate that for a
classically nonrelativistic particle constrained on an N − 1 (N ≥ 2) curved hypersurface embedded
in N flat space, the theorem breaks down.
PACS numbers: 03.65.Ca Formalism; 04.60.Ds Canonical quantization; 02.40.-k Geometry, differential ge-
ometry, and topology; 68.65.-k Low-dimensional, mesoscopic, and nanoscale systems: structure and nonelec-
tronic properties
For a free nonrelativistic particle constrained on an
(N − 1)-dimensional smooth curved surface ΣN−1 in flat
space RN (N ≥ 2), in classical mechanics we have two
well-defined forms of centripetal force [1, 2]. One is fa-
miliar to us [1, 2],
d
dt
v = −n
v2
R
, (1)
where 1/R stands for the first local curvature of the
geodesic along which the classical particle is bound to
move, and v represents the velocity of the particle, n
symbolizes the normal vector on the surface, and t de-
notes the time as usual. To transition to quantum me-
chanics, it is better to write it into the following form
depending on momentum p = µv instead of v, with µ
being the mass of the particle and H = p2/(2µ) = µv2/2
being the Hamiltonian of the free particle,
d
dt
p = −2
n
R
H. (2)
The main point of the present paper is to explore whether
the Ehrenfest theorem holds true. If true, we should have
in quantum mechanics,
[p,H ] = −ih¯(
n
R
H +H
n
R
). (3)
It is really true for some special cases, e.g., the spher-
ical surface [3]. However, whether it is true in general
remains an open problem. What is more, if one attempts
to start from the equation (3), the first formidable prob-
lem is that the first curvature 1/R of the geodesic in (3)
is hard to be attainable except for some simple cases such
as spherical surface, etc. Fortunately, this problem is not
fatal. The equation (3) in fact combines both the intrin-
sic and extrinsic descriptions. Not referring to depen-
dence on the geodesic, the equation (1) or (2) becomes,
in classical mechanics [4, 5],
d
dt
p =− n
(
p · ∇n · p
µ
)
= −2nS, (4)
where, noting nji = nij because, as we see shortly, we
can always choose a surface function f(x) = 0 such that
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|∇f(x)| = 1 so we have ni = (∇f(x))i = ∂if(x) and
nij ≡ ∂j∂if(x) ,
S =
p · ∇n · p
2µ
=
1
2µ
p · ∇n · p =
1
2µ
pinijpj . (5)
Thus, an examination of relationship between quantum
version of (4), i.e., Eq. (12), and Eq. (4) itself suffices to
see whether the Ehrenfest theorem holds true. To achieve
our goals, we perform our analysis carefully.
First, we stress that a belief is widely hold which
claims that the Ehrenfest theorem is still valid. Noticing
that the equation (4) has another apparently different
form, used by, for instance, Weinberg [5]. Let us ex-
plain how it is. We assume the surface equation to be
f(x) = 0, where f(x) is some smooth function of po-
sition x ≡(x1, x2, ...xN ) in R
N , whose normal vector is
n ≡ ∇f(x)/|∇f(x)|. We have for (4) and (5), respec-
tively,
d
dt
p = −2
∇f(x)
|∇f(x)|
S, (6)
where
S =
1
2µ
p · ∇n · p
=
1
2µ
p · ∇∇f(x) · p
|∇f(x)|
=
1
2µ
p · ∇ (p · ∇f(x))
|∇f(x)|
=
1
2µ
(p · ∇)
2
f(x)
|∇f(x)|
. (7)
So the expression taken by Weinberg [5] is reached,
d
dt
p = −
∇f(x)
µ (∇f(x))
2 (p · ∇)
2
f(x). (8)
In classical mechanics two forms (4) and (8) are identical,
but, most importantly, in quantum mechanics these two
forms are totally different because of operator-orderings.
Weinberg asserts without justification that the quantum
mechanics ”yields the same equation of motion” as pro-
vided by classical mechanics [5],
d
dt
p =
1
ih¯
[p,H ] = −
∇f(x)
µ (∇f(x))
2 (p · ∇)
2
f(x). (9)
2The equation of motions taking the same form in both
quantum and classical mechanics implies nothing but the
Ehrenfest theorem. We argue that this assertion is dubi-
ous. The operator of the right-handed side of this equa-
tion is not manifestly hermitian once |∇f(x)| 6= 1,
(
∇f(x)
(∇f(x))
2 (p · ∇)
2
f(x)
)†
6=
∇f(x)
(∇f(x))
2 (p · ∇)
2
f(x).
(10)
There are too many uncontrollable operator-orderings.
Among them, we like to write a few,
1
2

 ∇f(x)(∇f(x))2 (p · ∇)2 f(x)
+
(
∇f(x)
(∇f(x))2
(p · ∇)
2
f(x)
)†

 , (11a)
1
2

 ∇f(x)
(
p 1
∇f(x) · ∇
)2
f(x)
+
(
∇f(x)
(
p 1
∇f(x) · ∇
)2
f(x)
)†

 , (11b)
1
2


(
p 1
∇f(x) · ∇
)2
f(x)∇f(x)
+
((
p 1
∇f(x) · ∇
)2
f(x)∇f(x)
)†

 , etc.(11c)
If the Ehrenfest theorem is true, we do not know what
operator-orderings and/or their combinations make sense
[2, 6, 7].
Secondly, we stress that physics depends on the geo-
metric invariants rather than those changing along with
the coordinate transformation or those changing with the
form of the surface equation chosen. No matter what
form of the surface equation we begin with, once there is
a normal vector n, only the unit normal vector and/or its
derivatives enter the physics equation. From the point of
view of physics, we can always choose the equation of the
surface such that |∇f(x)| = 1 [4, 8], so that n ≡ ∇f(x).
The form (4) is therefore advantageous over that (8). In
other words, on the grounds of physics or mathematics,
if some form of the (9) turns out to be true, results must
be independent of peculiar form of f(x). In quantum
mechanics the equation (4) takes a simple form because
of S = S†,
1
ih¯
[p,H ] = − (nS + Sn) . (12)
Thirdly, the remaining problem is: whether this equa-
tion (12) holds true. We are going to show that with
known p and H , this equation breaks down. To note
that there are independent approaches to give the form
of the momentum p and Hamiltonian H . The momen-
tum p is the so-called the geometric one, [3, 9–12],
p = −ih¯(∇S +
Mn
2
), (13)
where ∇S is the gradient operators in R
N and ΣN−1
respectively, andM ≡−∇· n is the mean curvature with
∇ being the gradient operators in RN . As to Hamiltonian
H , we have in general,
H = −
h¯2
2µ
∇2LB + VG, (14)
where ∇2LB = ∇S · ∇S is the Laplace-Beltrami opera-
tor which is the dot product of the gradient operator
∇S ≡∇N−n∂n on the surface Σ
N−1 and VG is curvature-
induced potential dependent on bothM andK≡∇n :∇n,
via two real constants ξ and η,
VG = −
h¯2
8µ
(
ξK − ηM2
)
. (15)
Two real constants ξ and η depend on theoretical con-
siderations. What most of us are familiar with are two
cases,
H = −
h¯2
2µ
∇2LB, and H =
p2
2µ
, (16)
corresponding to (ξ, η) = (0, 0) and (ξ, η) = (0, 1), re-
spectively. In fact, by the so-called confining potential
formalism [12–15], we have (ξ, η) = (2, 1). By the so-
called abelian conversion [16] for spherical surface, one
obtains(ξ, η) = (0, 0). Some simply makes assumption
[5, 17], (ξ, η) = (0, 1).
In final, after lengthy computations, we have following
result,
1
ih¯
[p,H ] + (nS + Sn) ≡ F 6= 0, (17)
where,
F = −
h¯2
4µ
(
n∇2M
+(2− ξ) {(∇n :∇∇)n−∇n : (n · ∇∇n)}
+ (1− η)M
{
∇2n− n · ∇M
})
. (18)
It is in general not zero, and it is evident that among
different theoretical considerations, the simplest case is
(ξ, η) = (2, 1) [18]. A curious question follows: Is there
any curvature-induced potential that makes F = 0? The
answer is negative. To see it, let us assume that there is
such a potential G in the Hamiltonian,
H = −
h¯2
2µ
∇2LB +G, (19)
which renders following equation hold true no matter how
the surface is curved,
1
ih¯
[p,H ] + (nS + Sn) = 0. (20)
If it is true, the curvature-induced potential G must con-
sist of two parts, in which one is VG with (ξ, η) = (2, 1),
and rest is W ≡ G− VG. We have, however,
1
ih¯
[p,H ]+(nS + Sn) = −
h¯2
4µ
n∇2M−{∇W − n (n·∇W )}).
(21)
3These two terms in right-handed side are orthogonal to
each other. To be precise, the first term is along the nor-
mal direction but the second term is on the tangential
surface for n· {∇W − n (n·∇W )} = 0. The result is con-
trary to the assumption. Thus, we see that the Ehrenfest
theorem breaks down.
In conclusion, in quantum mechanics for the particle
on the hypersurface there is certainly some forms of the
curvature driven force. In contrast to the widely hold
belief, the Ehrenfest theorem cannot be applied to the
particle on the curved space.
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